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We predict an optical effect associated with systems, which exhibit topologically protected states separated
by a finite distance. We develop a tight-binding model to calculate the optical selection rules in linear chains
of atoms of different lengths, and show the crucial importance of edge states. For long enough molecules the
interband transitions involving these edge states are in the highly sought-after THz frequency range. Although
we have specifically considered finite carbon chains terminated by gold nanoparticles, the main results of our




Carbyne has attracted much interest and its fair share of
controversy since the first claims of its discovery in the 1960s
[1–6], a detailed history of which can be found in Ref. [7]. The
strong historic opposition against the existence of carbynes
as a stable allotrope of carbon is, in part, associated with
the high reactivity of carbon double and triple bonds, and
the prediction that one-dimensional crystals would be ther-
modynamically unstable and therefore not able to exist [8].
Both of the aforementioned reasons make the the synthesis
of carbyne chains a challenging endeavor. Various synthesis
methods have been explored such as using end-cap groups
for stabilization [9–11], encapsulating polyyne molecules in
carbon nanotubes [12,13], and synthesizing polyynes in a
submerged electric arc in organic solvents [14]. Carbynes of
finite length have also been synthesized using a novel laser
ablation in liquid [15,16], and recent advances using this
method have demonstrated the synthesis of stable elongated
carbon chains up to 24 atoms long [17]. The mechanical sta-
bilization of carbyne in this instance was achieved due to the
electron bonding of the carbon chains with gold nanoparticles,
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inhibiting the vibration-induced decomposition into shorter
components, folding and bending. In solution, the Peierls
deformation [18] is compensated by the viscosity of the sur-
rounding medium and the attraction to the metal anchors.
These chains can then be deposited onto a solid substrate
[17].
Although there is still some contention whether or not
“pure” carbyne can truly exist, part of the controversy ar-
guably derives from its ambiguous definition. Ignoring the
presence of any end groups, carbyne comes in two isomeric
forms, a conjugated triply bonded form (polyyne) and a cu-
mulated doubly bonded form (polycumulene). In this paper,
we consider finite polyyne chains, i.e., a series of consec-
utive alkynes (−C ≡ C−)n with n greater than 1, with the
end carbon atoms not necessarily being terminated by hydro-
gen atoms, but, for example, attached to gold nanoparticles
[see Fig. 1(a)]. For these chains we study optical transitions,
which arise due to finite-size effects. Unlike the case of an
infinite polyyne chain, finite chains possess edge states. In
the infinite length limit, the two, clearly defined states (one
located at each edge) would be degenerate in energy. How-
ever, for finite chains the edge-state wave functions overlap to
form a bonding and antibonding state. The splitting between
these symmetric and antisymmetric energy states is simply
related to the overlap of the two wave functions (just like
in a Dirac double well [19] or a bipolar waveguide [20]).
For long enough chains the overlap is sufficiently weak to
generate a THz gap. Naturally, dipole transitions between
them are allowed as the states are of opposite parity, and thus
polyyne chains present a new avenue for the generation of
THz radiation.
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FIG. 1. (a) Schematic representation of a polyyne carbyne chain
with alternating single and triple bonds, terminated by two gold
atoms. The grey and yellows spheres depict the carbon and gold
atoms, respectively, and the single and triple bonds lengths are
given by cl and cs, while α and β are their corresponding
tight-binding parameters. (b) The 7 highest occupied and lowest
unoccupied molecular energy levels, E , of a carbyne chain of various
lengths, defined by the tight-binding parameters α = −4.657 eV,
β = −3.548 eV, and 1 = 2 = 0. Here N denotes the number of
atoms in the chain and the gray lines are the approximate eigenvalue
expressions.
In contrast to graphite, graphene, and carbon nanotubes,
carbynes exhibit strong optical emission. Indeed, unlike
graphite or graphene, which are strong absorbers and do not
emit light, and carbon nanotubes where the multivalley band
structure leads to dark excitons suppressing the luminescence,
carbyne is often called “white carbon” because of its ability to
emit visible light. Carbon chains exhibit a strong dependence
of their optical band gap on chain length [15,21]. Although
the presence of the gap in the energy spectrum of an infinite
carbyne chain is well known [7], what is less well known is the
emergence of two edge states within the gap when the chain
is of finite size. It should be noted that although structural
distortions like solitons and polarons also lead to extra levels
appearing in the optical gap [22], these are often associated
with chains charged via doping with strong electron withdraw-
ing species, which is beyond the scope of this paper, and a
topic for future study.
Simple, tractable tight-binding models have been success-
fully employed to explain both the electronic and optical
properties of various low-dimensional forms of carbon
[23,24], providing spectacular success in explaining the main
electronic properties of graphene [25]. For example, by using
a simple zone-folding model, the approximate band structure
of a carbon nanotube can be obtained from the band structure
of graphene along allowed lines in k-space defined by the
chiral vector [23]. However, applying a similar approach to
derive the spectrum of a finite carbyne chain from an infi-
nite one by simply applying the periodic boundary condition
will lead to an incomplete spectrum. Namely, the two edge
states, which correspond to the highest occupied molecular
orbital (HOMO) and lowest unoccupied molecular orbital
(LUMO) are absent. An alternative approach is to calculate
the full energy spectrum from a finite-matrix approach. Re-
cent advances in the study of tridiagonal matrices [26–32]
have opened the door to the quasi-analytical description of
the optical properties of finite-length carbyne chains via the
tight-binding approximation. In what follows we calculate the
complete eigenvalue spectrum of carbyne chains terminated
by gold atoms, and use the analytic eigenvectors to calculate
the optical selection rules. We demonstrate the presence of
two edge states, derive a condition for their existence, and
show that optical transitions between them are allowed. For
long enough molecules they occur in the highly desirable
terahertz (THz) frequency range.
II. THEORETICAL MODEL
We shall now present a simple, analytically tractable
model, which can be used to understand and explain the opti-
cal transitions between the electronic states of finite polyyne
chains. We adopt the same nearest-neighbor tight-binding
model, which is commonly used in carbon-based materials
[23]. This model yielded spectacular success in describing
their electronic and optical properties, especially in the case
of carbon nanotubes and graphene [24]. Using the nearest-
neighbor tight-binding model [23], the Hamiltonian of an







where f = α exp(ikcs) + β exp(−ikcl ), k is the wave vector
along the chain, cs and cl are the distance between neigh-
boring carbon atoms associated with the short (triple) and
long (single) covalent bonds, and their corresponding transfer
integrals are α and β, respectively. The Hamiltonian given in
Eq. (1) acts on a two-component wave function, with each
component associated with one of the two sublattices of the
chain. The energy spectrum of a particle described by the
Hamiltonian Eq. (1) is
E = ±
√
α2 + β2 + 2αβ cos (kc), (2)
where c = cs + cl is the lattice constant, and Eg the band gap
is given by the expression 2|α − β|. However, there is some
controversy surrounding the precise value of the band gap,
since various numerical methods yield drastically different
results [21,33], with a range of almost 4 eV between them.
It should be noted that the approximate, albeit incomplete,
033202-2
TERAHERTZ TRANSITIONS IN FINITE CARBON CHAINS PHYSICAL REVIEW RESEARCH 3, 033202 (2021)
band structure of a finite-length polyyne chain can be obtained
by using a simple zone-folding approximation of the band
structure of the infinite chain. Applying the Born-von Karman
boundary condition to the infinite chain leads to discretized
energy levels, with corresponding quantised wave numbers
k = πn/L, where L is the length of the chain. However, ap-
plying this condition does not give rise to the emergence of an
edge state. It should also be noted that inspection of Eq. (2)
reveals no quantitative difference between the case of α > β
and α < β.
In what follows we shall use the nearest-neighbour tight-
binding approximation to study chains of finite lengths. As
mentioned in the introduction, the HOMO-LUMO gap is
strongly dependent on the length of the chain. An important
feature of our finite chains is the presence of edge states,
which are topologically protected like in certain types of
graphene nanoribbons [34] and semiconductor superlattices
[35]. Moving from an infinite chain to a finite chain results in
changes to the energy spectrum given in Eq. (2). The quan-
tisation of momentum discretizes the energy spectrum, while
the presence of edges results in two energy levels appearing
within what would have been the band gap if the chain were
infinite. Notably, these two levels are the HOMO and LUMO
levels of undoped chains. The Hamiltonian of a finite polyyne
chain, schematically depicted in Fig. 1(a), composed of N − 2
carbon atoms (where N is an even integer) and a differing



















β, if j is odd
α, if j is even , j = 1, 2, . . . , N,
and −1, −2 are the on-site energies of the edge atoms
measured with respect to the on-site energies of the carbon
atoms. When N = 2m is even, where m is a positive integer,
the characteristic polynomial of H − EI, is given by











where Um = Um( cos(θ )) are the Chebyshev polynomials of
the second kind and
cos (θ ) = E
2 − α2 − β2
2αβ
. (5)
In general, Eq. (4) must be solved numerically. However,
within the long-chain limit, i.e., N  1, approximate expres-
sions for the eigenvalues can be obtained. For all chain lengths
the eigenvectors can be expressed exactly in terms of the
numerically or analytically obtained eigenvalues. We denote
the energy eigenvalues, which satisfy the condition det(H −
EI) = 0, as Ep, where p = 1, 2, . . . , N . We use the conven-
tion that places the eigenvalues in ascending order, with E1
being the lowest energy level, and EN being the highest one.
The nonnormalized eigenvector, up = (up1, . . . , upj , . . . , upN )T
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for even j, where Cp is a normalisation constant, and θp is
obtained from Eq. (5) for a particular Ep.
We shall now consider two energy regimes: First, when
|(E2 − α2 − β2)/2αβ| < 1, which corresponds to the case
where θ is real, i.e., momentum is quantized like a particle
in a box, and second, when E2 < (α − β )2, i.e., when θ is
complex, in this instance the wave vector is imaginary, and
we refer to these states as edge states. Let us first consider
the case when θ is real, and 1 = 2 = 0. In the infinite
chain limit, i.e., m → ∞, the solutions are simply θ = nπ/m,
where n = 1, 2, . . . , m − 1. Therefore, for large chains we
may expand Eq. (4) about the point θ = nπ/m, and obtain to
a first-order approximation the eigenvalues
En = ±
√








mα + β(m + 1) cos ( nπm ) .
(8)
Let us now consider the case when θ takes on the value of
a complex number. In this instance we invoke the change
of variable θ = π − iϕ. For the case of 1 = 2 = 0, the
secular equation, Eq. (4), results in





Since the minimum value of the function sinh[(m +







i.e., |β| < |α| and the chain has a minimum length to observe
an edge state. A similar result can be obtained for nonzero
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It should be noted that the Su-Schrieffer-Heeger model [36]
can also be employed to show that the relative size of the hop-
ping parameters dictates whether the edge states of a bipartite
1D lattice are topologically protected as the chain length
increases (i.e., the winding number differentiates between
the cases of α > β and α < β). This effect is well known
and manifests itself in various physical systems, from semi-
conductor superlattices [37] to optical cavity chains [38,39].
This is in stark contrast to the result obtained by simply
applying the Born-von Karman periodic boundary condition
to an infinite chain, which will not yield an edge state. In the
limit where m → ∞, the solution of Eq. (9) is ϕ = ln(α/β ),
which corresponds to two edge states of zero energy. There-
fore, for long chains we expand Eq. (9) about the point





























where the − and + signs correspond to the LUMO and
HOMO states respectively. Within the same regime, Eqs. (12)

































where pe = (N + 1 ∓ 1)/2. These edge state functions are
strongly localized to the ends of the chain, whereas the other
N − 2 modes behave similarly to a one-dimensional particle
in a box.
It can be clearly seen from Eq. (13) that as the length
of the chain increases, the difference in energy between the
two edge-state levels becomes smaller and smaller, approach-
ing zero in the limit of m tending to infinity. Using the
tight-binding parameters of Ref. [21], a 36-atom long chain
would yield a HOMO-LUMO gap of 7.08 THz. In Fig. 1(b)
we plot the energy levels obtained from Eq. (4) for chains
of various lengths, using the values α = −4.657 eV, β =
−3.548 eV, and 1 = 2 = 0 eV [21]. The gray lines depict
the approximate expressions, Eqs. (8) and (13). It should be
noted that when 1 = 2, the eigenfunctions are purely even
or odd, and within our eigenvalue numeration scheme the
eigenfunctions of successive levels differ in parity. Thus, one
edge state is symmetric, the other antisymmetric, and as the
chain length goes to infinity they form a degenerate ground
state. Repeating the same process for the case of 2  1
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, (15)
where for the case of sgn(±1) = 1, s2 = sgn(2 ±
α(β/α)m
√|2/1|), while when sgn(±1) = −1, s2 =
sgn(1 ± α(β/α)m
√|2/1|).
III. OPTICAL TRANSITIONS IN FINITE CHAINS





|〈ψi|ê · v̂|ψ f 〉|2δ(E f − Ei − h̄ω), (16)
where i and f are the initial and final states, Ei and E f are
their corresponding energies and ê is the polarization unit
vector of the electromagnetic wave. The velocity commutator
is given by v̂ = i[HTB, r], where HTB is the tight-binding
Hamiltonian of the system [23], r the position operator, and
ψi and ψ f the wave functions of the initial and final states,









q|φq〉, where |φ〉 are the atomic orbital func-
tions, and the weighting coefficients, u fj and u
i
q, are given
by Eqs. (6) and (7). Within the tight-binding approximation
〈φ j |r|φq〉 = r jδ jq, where r j is the position vector of the jth
atom, and 〈φ j |HTB|φq〉 = Hj,q, which are the matrix elements
of Eq. (3). The matrix element of velocity along the chain can
therefore be written as
















where l j = r j+1 − r j are the nearest-neighbor vectors con-
necting atoms j and j + 1. Although the tight-binding
Hamiltonian only depends on the magnitude of the in-
teratomic distances between nearest neighbors, the exact
geometric configuration of the molecule does enter into the
matrix element of optical transition. In what follows we as-
sume that our finite chains are straight due to the metallic
clusters attached to their ends [17]. Furthermore, due to a
lack of consensus on the exact value of the band gap of an
infinite chain we use the first order approximation cs = cl .
However, the effect of bond-length alternation can be fully
accommodated by setting |l j | = c/2 and introducing the ef-
fective tight-binding parameters α → [1 − (δc/c)]α and β →
[1 + (δc/c)]β, where δc = cl − cs. It should be noted that the
studied transitions are strongly polarized (anisotropic) and, as
follows from Eq. (16), the intensity of all the considered tran-
sitions is proportional to squared cosine of the angle between
the light polarization vector and the considered polyyne chain.
This effect will be essential for experiments with arrays of car-
bon chains aligned in a regular manner on a solid substrate, in
which case both optical absorption and THz emission will be
strongly polarized. This is indeed similar to certain transitions
in carbon nanotubes.
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The transition dipole moment can be written in terms of the
velocity matrix element using the relationship |〈ψ f |r|ψi〉| =
|〈ψ f |h̄v̂|ψi〉/(E f − Ei )|. For the case of 1 = 2 = 0, this
matrix element for the HOMO-LUMO transition can be ex-
pressed using the approximate functions given in Eq. (14):




1 + ( β
α
)N
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which linearly depends on N in the long-chain limit. For
transitions between an edge state and nonedge state, the tran-
sition dipole moment has a nontrivial dependence on N [see
Fig. 2(b)] since one function is exponential-like, the other
plane-wave-like (see Fig. 3).
Let us now consider the case where both ends of the chain
are terminated by gold, i.e., 1 = 2. In this instance, our
molecules possess mirror symmetry and the eigenfunctions
are either even or odd, and within our eigenvalue numeration
scheme, successive eigenvectors are of opposite parity. For an
optical transition to be allowed the parity of the initial and
final state must be different. Since the eigenfunctions of the
HOMO and LUMO levels are of differing parity (see Fig. 3),
optical transitions between them are allowed, and for long
enough chains correspond to energies in the highly desirable
THz range. It should also be noted that if there is asymmetry
between the on-site energies of the end atoms, the forbidden
transitions for 1 = 2 become allowed. In Fig. 2(a) we plot
|〈ψ f |h̄v̂|ψi〉|2/|αc2(E f − Ei )| corresponding to the absolute
value of the oscillator strength, normalized by a dimensionless
constant 3h̄2/(2mec2α) (which is of the order of unity [40]) for
the transitions between levels close to the HOMO and LUMO,
for N = 36 and the tight-binding parameters α = −4.657 eV,
β = −3.548 eV [21], and 1 = 2 = −0.1 eV. This plot is
done in the matrix style adopted from Ref. [41], which studied
another carbon-based system exhibiting THz transitions. In
panel (b) of the same figure we plot the transition dipole mo-
ment for the same tight-binding parameters for a range of N .
Here we have assumed that the metallic clusters terminating
the edges results in the edge atom on-site energy differing
from a carbon atom’s on-site energy by 0.1 eV [42,43]. As can
be seen from the figure, the strength of the LUMO-HOMO
transition, i.e., between edge states, is of a compara-
ble order of magnitude to the transitions associated with
another mode.
IV. THz GENERATION SCHEME
In Fig. 4(a) we present one possible absorption and relax-
ation pathway, which would result in the emission of THz
radiation. First, a high-frequency optical excitation can be
used to promote an electron from the HOMO to the LUMO+2
energy level [see Fig. 4(a)]. Then the photoexcited carrier
relaxes from the LUMO+2 to the LUMO+1 energy level,
and then from the LUMO+1 to the LUMO energy level,
each via the emission of a lower-frequency optical photon.
Finally, the electron relaxes from the LUMO to the HOMO
energy level via the emission of a THz photon. It should
be noted that both the transition from the LUMO+2 to the
LUMO energy level, and LUMO+1 to HOMO energy level
FIG. 2. (a) The absolute value of the oscillator strength, nor-
malized by a dimensionless constant, for transitions between energy
levels of a chain comprised of N = 36 atoms, with the lattice period
c, tight-binding parameters α = −4.657 eV, β = −3.548 eV, and
the onsite energies of the edge atoms 1 = 2 = −0.1 eV. (b) The
transition dipole moment |〈ψ f |r|ψi〉/(c/2)| between: the LUMO and
HOMO level (topmost black curve), LUMO+2 and LUMO+1 level
(second from top maroon curve), LUMO+1 and LUMO level (third
from top red curve), and lastly the HOMO and LUMO+2 level
(bottommost blue curve), as a function of chain length N for the same
tight-binding parameters.
are forbidden by symmetry (i.e., final and initial states are
of the same parity). Since 1 = 2, the energy difference
between the HOMO−2 and LUMO levels is identical to
the difference between the HOMO and LUMO+2 levels.
Therefore, the same excitation used in Fig. 4 could, with
equal probability, promote an electron from the HOMO−2
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FIG. 3. The normalized wave functions for the: (a) HOMO,
(b) LUMO, (c) LUMO+1, and (d) LUMO+2 states of a carbyne
chain containing 36 atoms, defined by the tight-binding parameters:
α = −4.657 eV, β = −3.548 eV, and 1 = 2 = −0.1 eV.
energy level into the LUMO energy level, allowing an elec-
tron in the HOMO−1 level to relax into the HOMO−2,
which in turns allows an electron to relax from the HOMO
level down to the HOMO−1: Thus allowing the photoex-
cited carrier in the LUMO level to relax into the HOMO
level via the emission of a THz photon. For the case of
FIG. 4. A schematic illustration of a THz generation scheme in
(a) an undoped and (b) an n-doped polyyne carbyne chain. Here the
occupied and unoccupied energy levels (prior to the photoexcitation)
are depicted by the solid and dashed grey lines, respectively. In
both cases a high-frequency optical excitation promotes an electron
from the HOMO to the LUMO+2 energy level. Panel (a) shows the
possible relaxation path to the ground state, which would result in the
emission of two low-frequency optical photons and one THz photon
associated with the LUMO-HOMO transition. For the case of an n-
doped carbyne chain, the unoccupied state created by the promotion
of an electron out of the HOMO into the LUMO+2, can be filled by
the relaxation of a LUMO electron via the emission of a THz photon.
For a chain comprised of N = 36 atoms, with tight-binding param-
eters: α = −4.657 eV, β = −3.548 eV and 1 = 2 = −0.1 eV,
the excitation wavelength would be around 650 nm while the emit-
ted wavelengths from the LUMO+2 → LUMO+1, LUMO+1 →
LUMO, and LUMO → HOMO transitions are around 2250 nm,
930 nm, and 42 320 nm (7.08 THz), respectively.
n-doped polyyne chains, which is experimentally the more
likely scenario, since gold complexes act as sources of free
electrons, THz transitions can occur without the need of a
multiphoton cascade process. For example, in Fig. 4(b) the
polyyne chain is doped such that LUMO level is occupied.
In this instance the promotion of an electron out of the
HOMO into the LUMO+2 will leave an unoccupied state
behind (thus creating a population inversion), which an elec-
tron from the LUMO can relax into via the emission of a
THz photon.
Transitions in the THz frequency range are not uncommon
in carbon compounds [44]. Still, the transition we propose in
this paper has important specific features that makes it promis-
ing for the realization of carbon-based THz lasers. Namely,
Fig. 2 clearly demonstrates that the rate of the LUMO-HOMO
transition is comparable to the rates of optical transitions in
the system. This is of crucial importance for the realization
of the inversion of electronic population needed to achieve
lasing. Moreover, the frequency of this transition is tuneable
in a wide range as it is strongly dependent on the length of
the carbon chain. The optical pumping schemes illustrated in
Figs. 4(a) and 4(b) may allow for the realization of carbon-
based THz lasers.
It should be noted that finite molecules possess several
vibrational levels that can be coupled into the transition be-
tween electronic states. In our simple tight-binding model
this would correspond to the tight-binding parameters be-
ing able to take a range of possible values, centered about
the tight-binding parameter corresponding to the equilibrium
bond position. Therefore, emission would occur across a
broad range of wavelengths. It should also be noted that
energy may be lost in internal conversion and vibrational
relaxations, resulting in a lower frequency of fluorescent
photons than our simple model predicts. The effects of
Peierls distortion, bending, stretching, and twisting of the
chains can also be incorporated into an effective set of
tight-binding parameters, and the nuanced effects due to
each of the aforementioned stresses shall be a subject of
future study.
Although the employed simple model possesses an ap-
parent symmetry of energy level positions with respect to
the middle of the HOMO-LUMO gap [see Fig. 1(b)], it
should be emphasized that our main conclusions do not rely
on this symmetry. Asymmetry can be introduced into our
model by taking into account the influence of the nonorthog-
onality of orbitals on adjacent atomic sites (see Appendix).
Much like in graphene in the vicinity of the Dirac points,
in the proximity of the HOMO and LUMO levels of a fi-
nite chain, the modification to both the energy spectrum
and the wave functions due to the overlap matrix can be
treated as a small perturbation, which grows with increasing
energy.
It should be emphasized that our results can be applied to
other straight dimer chains, e.g., polyacetylene, via a suitable
choice of hopping parameters, bond lengths, and on-site ener-
gies of the edge atoms (including their sign). The changes in
parameters provide different numerical values of the band gap
and velocity matrix element; however, they do not change the
results qualitatively.
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V. CONCLUSION
We have shown that carbyne offers a potential alternative
to other low-dimensional forms of carbon for THz applica-
tions [24,45], and predict that chains composed of 30 atoms
or longer are promising candidates for the basis of THz
emitters and detectors. Although we have analyzed finite
carbyne chains, the main results of our paper can be general-
ized to various systems, which exhibit topologically protected
states separated by a finite distance. Indeed, much like in
double quantum wells [19,20,46], these overlapping states
may form symmetric and antisymmetric functions, which
support dipole optical transitions between them. Therefore
providing the topologically protected states have a certain
overlap, the system may support a THz energy gap be-
tween optically active states. Thus our proposed THz scheme
could potentially be applied to topological materials with
optically active bulk states, and geometrically constructed
THz energy gaps associated with surface states. We note
also that conclusions of this theoretical work are qualita-
tively consistent with the recent experimental observations
of low-temperature photoluminescence (PL) spectra of gold-
capped polyyne chains containing from 10 to 24 carbon
atoms [17]. We cautiously believe that carbon chains stud-
ied in [17] were mostly n-doped, which is why the lowest
energy PL transitions might have been between LUMO+1
and LUMO or even LUMO+2 and LUMO+1 energy levels.
Indeed, while HOMO-LUMO transitions in these chains are
in the infrared range, according to our calculations, the en-
ergies of optical transitions between various LUMO states as
well as their dependences on the length of the chain appear
to be in good qualitative agreement with the experimental
data.
ACKNOWLEDGMENTS
This work was supported by the EU H2020 RISE project
TERASSE (H2020-823878). R.R.H. acknowledges financial
support from URCO (14 F 1TAY20-1TAY21). M.E.P. was
supported by the Russian Science Foundation (Project No. 20-
12-00224), and is also grateful for the hospitality of Westlake
University, where a part of this work was done. S.K. and
A.V.K. were supported by the Westlake University Project
No. 041020100118 and the Program 2018R01002 funded by
Leading Innovative and Entrepreneur Team Introduction Pro-
gram of Zhejiang. A.K. acknowledges the support from the
Ministry of Science and Higher Education of the Russian
Federation within the state assignment for Vladimir State
University, Project No. 0635-2020-0013.
APPENDIX: ACCOUNTING FOR THE WAVEFUNCTION
OVERLAP
The tight-binding Bloch function of an infinite polyyne





eik·RϕJ (r − R), (J = 1, 2), (A1)
where R denotes the atomic position and ϕJ the atomic wave
function in state J . When the nonorthogonality of orbitals on
adjacent atomic sites is taken into account, the eigenvalue
problem becomes Ĥ = EŜ [23], where Ĥ is the transfer
integral matrix given in Eq. (1) of the main text, and Ŝ is
the overlap matrix, whose elements are given by SJJ ′ = 〈J |
J ′ 〉. The secular equation det(Ĥ − EŜ) = 0 thus becomes∣∣∣∣−E f̃ f̃ −E
∣∣∣∣ = 0, (A2)
where f̃ = (α − Esα ) exp(ikcs) + (β − Esβ ) exp(−ikcl ).
The asymmetry parameters are defined as sα = 〈ϕJ ′ (r −
R − cs) | ϕJ (r − R)〉 and sβ = 〈ϕJ ′ (r − R − cl ) | ϕJ (r − R)〉.
Having nonzero values of sα and sβ breaks the symmetry
between the positive and negative energy levels. Defining
qc = kc − π , the solution to the secular equation near the
band edge can be approximated by the expression
E = ±
√
(α − β )2
(sa − sb ∓ 1)2
∓ (β ± δ)(α ± δ)(qc)
2
(sa − sb ∓ 1)3
, (A3)
where δ = αsb − βsa. Thus, much like for graphene near the
apex of the Dirac cone [23], the modification to the energy
spectrum due to the overlap matrix can be treated as a small
perturbation. Therefore, the key results of the paper remain
fundamentally unchanged in the presence of broken energy
symmetry.
Finally, the secular equation of a finite chain, which ac-
counts for the nonorthogonality of orbitals on adjacent atomic
sites, can be obtained by substituting α → (α − Esα ) and
β → (β − Esβ ) into det(H − EI)=0, where H is the Hamil-
tonian, Eq. (3) of the main text. This can be directly seen
by comparing Eq. (A2) to the case where Ŝ = I. However, it
should be noted that when E = 0, then f̃ = f ; therefore the
secular equation of the finite chain becomes identical to the
case where the orbitals on adjacent atomic sites are orthogo-
nal. Thus, for a symmetric chain in the infinite length limit,
there is always a double-degenerate mid-gap state irrespective
of the degree of nonorthogonality of the orbitals on adjacent
atomic sites.
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